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Abstract
In order to investigate the composite gauge field, we consider the compositeness condition (i.e.
renormalization constant Z3 = 0) in the general non-abelian gauge field theory. We calculate Z3
at the next-to-leading order in 1/Nf expansion (Nf is the number of fermion flavors), and obtain
the expression to the gauge coupling constant through the compositeness condition. Then the gauge
coupling constant is proportional to 1/
√
4NfT (R)− 11C2(G) where T (R) is the index for a repre-
sentation R of gauge group G, and C2(G) is the quadratic Casimir. It is found that the gauge boson
compositeness take place only when NfT (R)/C2(G) > 11/4, in which the asymptotic freedom in the
non-abelian gauge field theory fails.
1e-mail : hattorit@kdcnet.ac.jp
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1 INTRODUCTION
The compositeness of vector boson [1]–[12] is a interesting subject in present particle physics. The
idea of composite gauge boson has been applied in quark-lepton physics [2] and hadron physics [3]. The
experimental results [13] do not exclude the possibility of compositeness of gauge boson. In the composite
gauge field theory, the bare Lagrangian does not include explicitly the kinetic term of gauge field. The
kinetic term of gauge field, however, be derived from the quantum fluctuations of matter field, in which
the gauge field becomes consequently dynamical one, and then the gauge boson is regarded as a composite
which is composed of the matter fields. When we consider the higher-order contributions of the model,
tremendous divergences prevent us to solve perturbatively the problem of composite state. In order to
obtain physical predictions, people use the ladder approximation or the renormalization group equation.
In these method, the contributions from particular diagrams are calculated through the expansion with
gauge coupling constant. For a solution of the problem of composite state, we use the gauge theory
with the compositeness condition [6], and then consider the contributions from next-to-leading diagrams
through the 1/Nf expansion where Nf is the number of matter-fermion flavors. In general, the gauge
field theory with the compositeness condition Z3 = 0 is reduced to the composite gauge field theory
with the finite cutoff Λ (i.e. new physics scale) where Z3 is the wave function renormalization constant
of the gauge field. The gauge field theory with Z3 = 0 provides a useful method to investigate the
composite gauge field when the physical cutoff scale Λ is very large than the present energy scale. Hence
we calculate the renormalization constant Z3 with the 1/Nf expansion within the gauge field theory.
Then the information of composite gauge field theory can be obtained from the gauge field theory with
Z3 = 0.
In the previous papers [12], K. Akama and the present author investigated the compositeness condition
in abelian (U(1)) and non-abelian (SU(Nc)) gauge field theories at next-to-leading order 1/Nf . The
compositeness condition in Nambu-Jona-Lasinio model [14] at the next-to-leading order was investigated
in Ref. [15].
In this paper, we present a detailed formulation of the scheme for the compositeness condition of
general non-abelian gauge field, and discuss a complementarity between gauge boson compositeness and
asymptotic freedom [16] in the gauge field theory. In Sec. II, we present the composite gauge field which
is composed of matter fermions, and then discuss the gauge field theory with compositeness condition
(Z3 = 0). In Sec. III, we calculate the renormalization constant Z3 to the next-to-leading order in 1/Nf
expansion [12] within the general non-abelian gauge field theory. In Sec. IV, we obtain the expression to
the gauge coupling constant through the compositeness condition. In Sec. V, we give the conclusions of
this paper.
2 COMPOSITENESS AND RENORMALIZATION
2.1 Compositeness condition
We consider the composite gauge field theory with Nf matter fermions ψ
j (j = 1, 2, · · · , Nf ) each of
which belong to the representation of color gauge group G. The Lagrangian is given by the following
gauge invariant form without the kinetic term of bare gauge field,
LA = ψj (i 6∂ −m+ T a6Aa)ψj , (1)
2
where T a is the generator of gauge group G, and m is the bare mass of matter fermions ψj . For example,
if we consider the matter fermions ψj which belong to the fundamental representation of SU(Nc) group,
then T a is given by T a = λa/2 (a = 1, 2, · · · , N2c − 1), where λa are the SU(Nc) Gell-Mann matrices. In
(1), the fields Aaµ may be regarded as auxiliary field without independent dynamical degree of freedom,
because if we use the Euler equation with respect to Aaµ for (1), then ∂LA/∂Aaµ = 0 give the constraint
condition with respect to Aaµ, as follows
ψ
j
T aγµψ
j = 0. (2)
The kinetic term of non-abelian gauge field is induced through quantum fluctuation of the fermion fields
ψj , and hence the gauge field becomes dynamical one. This implies that the gauge boson is a composite
made of a pair of the fermion ψj and its anti-particle. We note that (1) corresponds to strong coupling
limit (F →∞) of the following Nambu-Jona-Lasinio type model, where F is the coupling constant
LN = ψj (i 6∂ −m)ψj + F
(
ψ
j
T aγµψ
j
)2
(3)
which is equivalent to
L′A = ψ
j
(i 6∂ −m)ψj + ψjT a6Aaψj − 1
4F
(Aaµ)
2. (4)
The theory (1) involves severe ultraviolet divergences. In order to absorb the divergences in part, we
rescale the fields and the mass as
ψj =
√
Xψψ
j
r , A
a
µ =
√
XAG
a
rµ, m =
Xm
Xψ
mr, (5)
then (1) is rewritten as
LA = Xψψjr
(
i 6∂ − Xm
Xψ
mr
)
ψjr +Xψ
√
XA ψ
j
rT
a 6Garψjr , (6)
where Xψ, XA, and Xm are rescaling factors for the bare quantities ψ
j , Aaµ, and m, respectively.
Now we see that the composite gauge field theory (1) is the special case of the ordinary gauge field
theory specified by the compositeness condition Z3 = 0. The non-abelian gauge theory with gauge field
Gaµ and fermionic fields ψ
j is given by the Lagrangian
LG = −1
4
(
Gaµν
)2
+ ψ
j
(i 6∂ −m+ gT a6Ga)ψj (7)
with Gaµν = ∂µG
a
ν −∂νGaµ+gfabcGbµGcν , where g is the gauge coupling constant, and fabc is the structure
constant of gauge group G. In order to absorb the ultraviolet divergences in quantum corrections, we
renormalize the bare quantities in (7) as
ψj =
√
Z2ψ
j
r , G
a
µ =
√
Z3G
a
rµ, g =
Z1
Z2
√
Z3
gr, m =
Zm
Z2
mr, (8)
3
then (7) is rewritten as
LG = −1
4
Z3
(
Garµν
)2
+ Z2ψ
j
r
(
i 6∂ − Zm
Z2
mr +
Z1
Z2
grT
a6Gar
)
ψjr (9)
with Garµν = ∂µG
a
rν − ∂νGarµ + (Z1/Z2)grfabcGbrµGcrν , where the quantities with the subscript ”r” are the
renormalized ones, and Z1, Z2, Z3, and Zm are the renormalization constants. When we use the following
copmositeness condition for the non-abelian gauge field,
Z3 = 0, (10)
(9) reduces to
LG = Z2ψjr
(
i 6∂ − Zm
Z2
mr +
Z1
Z2
grT
a6Gar
)
ψjr , (11)
in which the kinetic term of non-abelian gauge field Garµ vanishes. If we set the following equalities,
Z2 = Xψ,
Zm
Z2
=
Xm
Xψ
, Z1gr = Xψ
√
XA, (12)
then (11) is identical to (6). Hence the non-abelian gauge field theory (7) with Z3 = 0 is equivalent to
the composite gauge field theory (1).
Hereafter we consider the gauge field theory (7) with compositeness condition (Z3 = 0) in order to
investigate the composite gauge field. In the calculation of quantum effects, we need to fix the gauge
to guarantee that the inversed gauge boson propagator exists. Then the gauge fixing term and the
Faddeev-Popov ghost term are introduced into (7) and (9), as follows
Lg.f.G = LG −
1
2ξ
(
∂µGaµ
)2
+ ∂µηa†
(
∂µη
a − gfabcηbGcµ
)
= LG − 1
2ξr
(
∂µGarµ
)2
+ Zη∂
µηa†r
(
∂µη
a
r −
Z1
Z2
grf
abcηbrG
c
rµ
)
, (13)
where ξ is the gauge fixing parameter, and ηa (a = 1, 2, · · · , N2c −1) is the Faddeev-Popov ghost field, and
Zη is the renormalization constant for η
a. The gauge fixing in (13) dos not alter the physical quantities,
and hence (13) is equivalent to (7) and (9) [17].
2.2 Leading order contribution to Z3
In order to find Z3, we use rather 1/Nf expansion than usual perturbation expansion with the coupling
constant gr, because the latter expansion fails under the compositeness condition (Z3 = 0) [12]. At
the leading order in 1/Nf expansion, Z3 is chosen so as to cancel the divergence to the one-fermion-loop
diagram A in Fig.1, where the solid and wavy lines indicate the fermion and the gauge boson propagators,
respectively. In the dimensional regularization, the one-loop vacuum polarization tensor is given by
Πab Aµν (p) =
4
3
1
(4π)2
Nfg
2
rΓ(ǫ)
1
(−p2)ǫ
(−gµνp2 + pµpν)Tr(T aT b) +O(m2r ), (14)
4
where pµ is the momentum of external gauge boson line, and ǫ is given by ǫ = (4− d)/2 with the number
of space-time dimensions d. Then the renormalized tensor Πab Aµν ren(p) is given by
Πab Aµν ren(p) = Π
ab A
µν (p) + (Z3 − 1)
(−gµνp2 + pµpν) δab. (15)
The leading divergent part Πab Aµν div(p) is expressed as
Πab Aµν div(p) =
4
3
NfT (R)g
2
r I
(−gµνp2 + pµpν) δab (16)
with T (R)δab = Tr(T aT b), where I is given by
I =
1
16π2
Γ(ǫ) ≈ 1
16π2ǫ
. (17)
If we use the Pauli-Villars regularization, I is given by
I =
1
16π2
ln
(
Λ2
m2r
)
, (18)
where Λ is the momentum cutoff. In order to cancel the divergence, we choose Z3 in (15), as follows
Z3 = 1− 4
3
NfT (R)g
2
r I. (19)
For the renormalization constant Z3, (19) gives the contribution at the leading order O(1) in 1/Nf
expansion.
When we use the compositeness condition (10) to (19), the gauge coupling constant gr is expressed as
g2r =
3
4NfT (R)I
∝ ǫ
Nf
. (20)
For the gauge coupling constant gr, (20) gives the result at the leading order O(N
−1
f ) in 1/Nf expansion.
Notice that (20) coincides with the known result of the composite gauge field theory [1]–[2].
We take the regularization scheme as an approximation to some physical momentum cutoff Λ which
implies the new physics scale. Then the parameter ǫ should be fixed at the non-vanishing value from (17)
and (18), as follows
ǫ =
1
ln(Λ2/m2r )
. (21)
In (20), we notice that the gauge coupling constant gr is proportional to
√
ǫ/Nf .
3 NEXT-TO-LEADING CONTRIBUTIONS TO Z3
3.1 Leading divergences
We consider the next-to-leading contributions to renormalization constant Z3 in 1/Nf expansion. The
diagrams are classified by powers of 1/Nf instead of powers of the coupling constant gr. In Fig.1 (B–H),
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we show the diagrams for the next-to-leading contribution in the 1/Nf expansion, where the disks stand
for insertions of an arbitrary number of one-fermion loops into the gauge boson propagator. In addition
to the one-boson-loop diagrams B and C, the multi-loop diagrams (D–H) belong to this order, because
the gauge boson propagator with the fermion-loops inserted has the same order in N−1f as the usual
gauge boson propagator. Though the integral of an n-loop diagram diverges like (1/ǫ)n, the diagram is
suppressed by the factor g2nr ∝ ǫn from (20). Therefore, all the diagrams in Fig.1 behave like O(ǫ0) at
least. Hereafter we return only the O(ǫ0) contributions, which implies that we retain only the leading
divergences.
The contribution from diagram A in Fig.1 was discussed already in the previous section in which the
diagram gives the result of leading order in 1/Nf expansion. The contribution from diagram B is given
by
Πab Bµν =
g2r
16π2
Γ(ǫ)
1
(−p2)ǫ
[
25
12
gµνp
2 − 7
3
pµpν − 1
2
ξr
(
gµνp
2 − pµpν
)]
C2(G)δ
ab (22)
with C2(G)δ
ab = facdf bcd. The contribution from the Faddeev-Popov-ghost loop diagram C in Fig.1 is
given by
Πab Cµν = −
g2r
16π2
Γ(ǫ − 1) 1
(−p2)ǫ
(
1
12
gµνp
2 +
1
6
pµpν
)
C2(G)δ
ab. (23)
Now we discuss the each contribution from multi-loop diagrams D-H in Fig.1. First let us present the
gauge boson propagatorD
ab [l]
µν (p) into which an arbitrary number of one-fermion loops are inserted, where
superscript l is the number of one-fermion loops which are inserted into the gauge boson propagator. The
gauge boson propagator D
ab [l]
µν (p) is defined as
Dab [l]µν (p) = D
aa1
µµ1
(p) Πµ1ν1a1b1 (p) D
b1a2
ν1µ2
(p) Πµ2ν2a2b2 (p) · · · Π
µlνl
albl
(p) Dblbνlν(p), (24)
where Daa1µµ1(p), etc. are the usual gauge boson propagators, and Π
µ1ν1
a1b1
(p), etc. are given by (14). Then
we obtain the gauge boson propagator D
ab [l]
µν (p), as follows
Dab [l]µν (p) =
1
(−p2)1+ǫl
(
−4
3
NfT (R)g
2
r I
)l [
−gµν + (1− ξrδ0l)pµpν
p2
]
δab (25)
with I = Γ(ǫ)/16π2 ≈ 1/(16π2ǫ), where δ0l is Kronecker’s symbol. For l = 0, (25) is reduced to the usual
gauge boson propagator Dabµν(p).
The contribution from diagram D is given by
Πab Dµν (p) = −Nf
∫
dnk
i(2π)n
Tr
[
1
mr− 6kJ(k)
1
mr− 6kγµ (grT
a)
1
mr − (6p+ 6k)γν
(
grT
b
)]
(26)
with the fermion self-energy part
J(k) = −
∫
dqn
i(2π)n
[
γρ (grT
c)
1
mr − (6k− 6q)γ
σ
(
grT
d
)
Dcd [l]ρσ (q)
]
. (27)
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Then the fermion self-energy part (27) is calculated as
J(k) =
g2r
16π2
Γ (ǫl+ ǫ)
(
−4
3
NfT (R)g
2
r I
)l 6k
(−k2)ǫ(l+1) [−1 + (1− δ0lξr)] T
cT dδcd +O(m2r ). (28)
When the gauge boson propagator D
cd [l]
ρσ (q) in (27) involves the fermion loop (i.e. l 6= 0), the term of
O(ǫ0) in (28) vanishes, and then the vacuum polarization tensor Πab Dµν (p) does not contribute to Z3.
When D
cd [l]
ρσ (q) does not involve the fermion loop (i.e. l = 0), (28) is reduced to
J(k) = −ξr g
2
r
16π2
Γ (ǫ)
6k
(−k2)ǫT
cT dδcd + O(m2r ). (29)
Hence we obtain the contribution of O(ǫ0) in diagram D with l = 0, as follows
Πab Dµν (p) = ξr
g2r
8π2
(
−4
3
NfT (R)g
2
r I
)
Γ(2ǫ− 1) 1
(−p2)2ǫ
(
gµνp
2 − pµpν
)
Tr
(
T aT bT cT d
)
δcd. (30)
The contribution from diagram E is given by
Πab Eµν (p) = −Nf
∫
dnk
i(2π)n
Tr
[
Λaµ(k)
1
mr − (6p+ 6k)γν
(
grT
b
) 1
mr− 6k
]
(31)
with the vertex correction part
Λaµ(k) = 2
∫
dnq
i(2π)n
Dcd [l]ρσ (q − k)γσ
(
grT
d
) 1
mr− 6q γµ (grT
a)
1
mr − (6p+ 6q)γ
ρ (grT
c) , (32)
where the factor 2 arise from the overlapping divergence. The vertex correction part (32) is calculated as
Λaµ(k) =
2g3r
16π2
(
−4
3
NfT (R)g
2
r I
)l
Γ (ǫl + ǫ)
γµ
(−k2)ǫ(l+1) [1− (1− δ0lξr)]T
dT aT cδcd +O(m2r ). (33)
When the gauge boson propagator D
cd [l]
ρσ (q − k) in (32) involves the fermion loop (i.e. l 6= 0), the term
of O(ǫ0) in (33) vanishes, and then Πab Eµν (p) does not contribute to Z3. When D
cd [l]
ρσ (q − k) does not
involve the fermion loop (i.e. l = 0), (33) is reduced to
Λaµ(k) = ξr
2g3r
16π2
Γ(ǫ)
γµ
(−k2)ǫT
dT aT cδcd +O(m2r ). (34)
Hence we obtain the contribution of O(ǫ0) in diagram E with l = 0, as follows
Πab Eµν (p) = −ξr
2g2r
8π2
(
−4
3
NfT (R)g
2
r I
)
Γ(2ǫ− 1) 1
(−p2)2ǫ
(
gµνp
2 − pµpν
)
Tr
(
T dT aT cT b
)
δcd. (35)
The contribution from diagram F is given by
Πab Fµν (p) = −
1
2
∫
dnq
i(2π)n
(igrf
bcc′)Ξνββ
′
(q, p)D
cd [l]
αβ (q)D
c′d′ [l′]
α′β′ (p− q)(igrfadd
′
)Ξµαα
′
(q, p) (36)
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with
Ξνββ
′
(q, p) = gββ
′
(p− 2q)ν + gβ′ν(q − 2p)β + gνβ(p+ q)β′
Ξµαα
′
(q, p) = gαα
′
(p− 2q)µ + gα′µ(q − 2p)α + gµα(p+ q)α′ , (37)
where l and l′ are the numbers of one-fermion loops which are inserted into the each gauge boson
propagator in Fig.1 (F–H). Then we obtain the contribution of O(ǫ0) from diagram F,
Πab Fµν (p) =
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l+l′
Γ (ǫl+ ǫl′ + ǫ)
× 1
(−p2)ǫ(l+l′+1)
[
25
12
gµνp
2 − 7
3
pµpν − 1
4
ξr(δ0l + δ0l′)
(
gµνp
2 − pµpν
)]
C2(G)δ
ab. (38)
In (36), when the gauge boson propagators D
cd [l]
αβ (q) and D
c′d′ [l′]
α′β′ (p − q) does not involve the fermion
loop (i.e. l = l′ = 0), then (38) is equal to (22) which is the contribution of the diagram B. Hereafter we
suppress the mass of fermion in the propagators because the term involving mr in Z3 behave like O(ǫ) or
less, while we are retaining O(ǫ0) terms, which are leading in ǫ (see the first paragraph in this section).
The contribution from diagram G is given by
Πab Gµν (p) = −
1
2
∫
dnq
i(2π)n
∫
dnk
i(2π)n
(igrf
bcc′)Ξνββ
′
(q, p)D
cd [l]
αβ (q)D
c′d′ [l′]
α′β′ (p− q)Fadd
′
µαα′(q, k, p) (39)
with the three boson vertex part
Fadd′µαα′(q, k, p) = −NfTr
[
1
−(6k+ 6p) (grT
a)γµ
1
− 6k (grT
d)γα
1
−(6k+ 6q) (grT
d′)γα′
]
−NfTr
[
1
−(6k− 6q) (grT
d)γα
1
− 6k (grT
a)γµ
1
−(6k− 6p) (grT
d′)γα′
]
. (40)
We note that in (40) the fermion propagators −(6k+ 6p)−1 and −(6k− 6p)−1 are expressed as
1
−(6k+ 6p) =
1
− 6k +
1
− 6k 6p
1
− 6k +
1
− 6k 6p
1
− 6k 6p
1
−(6k+ 6p) (41)
and
1
−(6k− 6p) =
1
− 6k +
1
− 6k (− 6p)
1
− 6k +
1
− 6k (− 6p)
1
− 6k (− 6p)
1
−(6k− 6p) , (42)
respectively. For overlapping divergence in the diagram G, we separate two parts as diagrams Gf and
Gm (Fig.2). The subscript ”f” indicates the contribution where the divergence occurs at the fermion loop
subdiagram which is inserted to the three gauge boson vertex part (Fig.2 Gf), while the subscript ”m”
indicates that where the divergence occurs at the boson-fermion-boson (mixed) loop subdiagram in the
boson-fermion-fermion vertex part (Fig.2 Gm). When we retain only the leading divergence, the first
and second terms in (41) and (42) contribute to the diagram Gf , and the third term contributes to the
diagram Gm. The contribution from diagram Gf is given by
Πab Gfµν (p) = −
1
2
∫
dnq
i(2π)n
(igrf
bcc′)Ξνββ
′
(q, p)D
cd [l]
αβ (q)D
c′d′ [l′]
α′β′ (p− q)F add
′
µαα′ (q, p) (43)
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with the three gauge boson vertex part
F add
′
µαα′(q, p)
= −g3rNf
∫
dnk
i(2π)n
{
Tr(T aT dT d
′
)Tr
[(
1
− 6k +
1
− 6k 6p
1
− 6k
)
γµ
1
− 6kγα
1
−(6k+ 6q)γα′
]
+Tr(T dT aT d
′
)Tr
[
1
−(6k− 6q)γα
1
− 6kγµ
(
1
− 6k +
1
− 6k (− 6p)
1
− 6k
)
γα′
]}
. (44)
Then the three gauge boson vertex part F add
′
µαα′ (q, p) is calculated as
F add
′
µαα′ (q, p) = igrf
add′
(
−4
3
NfT (R)g
2
r I
)
1
(−q2)ǫ [gµα(p+ q)α′ + gµα′(q − 2p)α + gαα′(p− 2q)µ] . (45)
Hence we obtain the contribution of O(ǫ0) in diagram Gf , as follows
Πab Gfµν (p) = −
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l+l′+1
Γ (ǫl+ ǫl′ + 2ǫ)
× 1
(−p2)ǫ(l+l′+2)
[
25
12
gµνp
2 − 7
3
pµpν − 1
4
ξr(δ0l + δ0l′)
(
gµνp
2 − pµpν
)]
C2(G)δ
ab. (46)
The contribution of diagram Gm is given by
Πab Gmµν (p) = −
1
2
∫
dnk
i(2π)n
(igrf
bcc′)g3rNf
×
{
Tr(T aT dT d
′
)Tr
[
1
− 6k 6p
1
− 6k 6p
1
−(6k+ 6p)γµ
1
− 6kK
cdc′d′
ν + (k, p)
]
+Tr(T dT aT d
′
)Tr
[
1
− 6kγµ
1
− 6k 6p
1
− 6k 6p
1
−(6k− 6p)K
cdc′d′
ν − (k, p)
]}
. (47)
with the boson-fermion-fermion vertex parts
Kcdc
′d′
ν + (k, p) =
∫
dnq
i(2π)n
γαΞνββ′(q, p)D
αβ cd [l](q)Dα
′β′ c′d′ [l′](p− q) 1−(6k+ 6q)γα′ (48)
and
Kcdc
′d′
ν − (k, p) =
∫
dnq
i(2π)n
γα′Ξνββ′(q, p)D
αβ cd [l](q)Dα
′β′ c′d′ [l′](p− q) 1−(6k− 6q)γα. (49)
Then the boson-fermion-fermion vertex parts Kcdc
′d′
ν + (k, p) and K
cdc′d′
ν − (k, p) are calculated as
Kcdc
′d′
ν + (k, p) =
1
16π2
(
−4
3
NfT (R)g
2
r I
)l+l′
Γ(ǫl + ǫl′ + ǫ)
γν
(−k2)ǫ(l+l′+1)
[
−3
2
− 3
4
ξr(δ0l + δ0l′)
]
δcdδc
′d′
+O(m2r ) (50)
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and Kcdc
′d′
ν − (k, p) = −Kcdc
′d′
ν + (k, p). Hence we obtain the contribution of O(ǫ
0) in diagram Gm, as follows
Πab Gmµν (p) =
g2r
16π2Γ(ǫ)
(
−4
3
NfT (R)g
2
r I
)l+l′+1
Γ (ǫl + ǫl′ + ǫ) Γ (ǫl + ǫl′ + 2ǫ)
× 1
(−p2)ǫ(l+l′+2)
[
3
4
+
3
8
ξr(δ0l + δ0l′)
] (
gµνp
2 − pµpν
)
C2(G)δ
ab. (51)
For the diagrams Hf and Hm, we can discuss the contributions to Z3 in a similar manner to the diagrams
Gf and Gm. The contributions from diagrams Hf and Hm are calculated as
Πab Hfµν (p) =
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l+l′+2
Γ (ǫl + ǫl′ + 3ǫ)
× 1
(−p2)ǫ(l+l′+3)
[
25
12
gµνp
2 − 7
3
pµpν − 1
4
ξr(δ0l + δ0l′)
(
gµνp
2 − pµpν
)]
C2(G)δ
ab (52)
and
Πab Hmµν (p) =
g2r
16π2Γ(ǫ)
(
−4
3
NfT (R)g
2
r I
)l+l′+2
Γ (ǫl+ ǫl′ + 2ǫ) Γ (ǫl+ ǫl′ + 3ǫ)
× 1
(−p2)ǫ(l+l′+3)
[
−3
4
− 3
8
ξr(δ0l + δ0l′)
] (
gµνp
2 − pµpν
)
C2(G)δ
ab, (53)
respectively.
Next we discuss the total contributions from the diagrams in Fig.1. Hereafter we note the number of
one-fermion loops per the diagram with the notation l˜. Then the numbers l˜ to the diagrams F, G, and
H are given by l + l′, l + l′ + 1, and l + l′ + 2, respectively. For l˜ = 0, the diagrams G and H are absent
while the diagram F reduces to the diagram B.
First let us consider the contributions of gauge independent part to Z3. The gauge independent part
in the vacuum polarization tensor is noted with the subscript ”0” on the tensor. In the total contribution
from diagrams D and E, the gauge independent part does not contribute to Z3 from (30) and (35). For
l˜ ≥ 1, multiplicities of diagrams F, Gf , and Hf are l˜+1, 2l˜, and l˜−1, respectively, where the multiplicities
is the numbers of diagrams with the same contribution to Z3 for a number l˜. In the total contribution
from diagrams F, Gf , and Hf , when l˜ ≥ 1, the gauge independent parts cancel each other, as follows
(l˜ + 1)Πab Fµν 0(p) + 2l˜Π
ab Gf
µν 0 (p) + (l˜ − 1)Πab Hfµν 0 (p)
=
g2r
16π2
[
(l˜ + 1)− 2l˜ + (l˜ − 1)
](
−4
3
NfT (R)g
2
r I
)l˜
Γ(ǫl˜ + ǫ)
(−p2)ǫ(˜l+1)
(
25
12
gµνp
2 − 7
3
pµpν
)
C2(G)δ
ab
= 0 (54)
from (38), (46), and (52). For l˜ ≥ 2, the multiplicities of diagrams Gm and Hm are 2l˜ and 2(l˜ − 1),
respectively. In the total contribution from diagrams Gm and Hm, when l˜ ≥ 2, the gauge independent
part is given by
2l˜Πab Gmµν 0 (p) + 2(l˜ − 1)Πab Hmµν 0 (p)
10
=
g2r
16π2Γ(ǫ)
[
2l˜ − 2(l˜ − 1)
](
−4
3
NfT (R)g
2
r I
)l˜
Γ(ǫl˜) Γ(ǫl˜ + ǫ)
(−p2)ǫ(˜l+1)
(
3
4
gµνp
2 − 3
4
pµpν
)
C2(G)δ
ab
≈ 3
2
g2r I
l˜(l˜ + 1)
(
−4
3
NfT (R)g
2
r I
)l˜ (
gµνp
2 − pµpν
)
C2(G)δ
ab (55)
from (51) and (53). Hence the diagrams Gm and Hm with many one-fermion loops (i.e. l˜ ≥ 2) contribute
to Z3 in total.
Now we consider the contributions of gauge dependent part to Z3. The gauge dependent part in the
vacuum polarization tensor is noted with the subscript ”ξ” on the tensor. For l˜ = 1, the multiplicities of
diagrams D and E are 2 and 1, respectively. From (30) and (35), the total contribution from diagrams D
and E is given by
2Πab Dµν ξ (p) + Π
ab E
µν ξ(p) = ξr
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)
Γ(2ǫ− 1)
(−p2)2ǫ
(
gµνp
2 − pµpν
)
C2(G)δ
ab
≈ −ξr g
2
r I
2
(
−4
3
NfT (R)g
2
r I
)(
gµνp
2 − pµpν
)
C2(G)δ
ab, (56)
where we have used relation
Tr
(
T aT bT cT c
)− Tr (T cT aT cT b) = 1
4
C2(G)δ
ab. (57)
Notice that the diagrams D and E with the many one-fermion loops does not contribute to Z3. To the
gauge dependent part, the diagrams F, G, and H have contributions only when one-fermion loop is not
inserted on the gauge boson propagator, and then the factor δ0l+ δ0l′ give 2 in (38), (46), (51), (52), and
(53). For the gauge dependent part with l˜ = 1, we obtain the total contribution from diagrams D, E, F,
Gf , and Gm to Z3,
2Πab Dµν ξ (p) + Π
ab E
µν ξ(p) + Π
ab F
µν ξ(p) + 2Π
ab Gf
µν ξ (p) + 2Π
ab Gm
µν ξ (p)
≈ ξrg2r I
(
−1
2
− 1
4
+
1
2
+
3
4
)(
−4
3
NfT (R)g
2
r I
)(
gµνp
2 − pµpν
)
C2(G)δ
ab
= ξr
g2r I
2
(
−4
3
NfT (R)g
2
r I
)(
gµνp
2 − pµpν
)
C2(G)δ
ab (58)
from (38), (46), (51), and (56). For l˜ ≥ 2, the multiplicities of diagrams F, Gf , and Hf are 1, 2, 1,
respectively. In the total contribution from diagrams F, Gf , and Hf , when l˜ ≥ 2, the gauge dependent
parts cancel each other, as follows
Πab Fµν ξ(p) + 2Π
ab Gf
µν ξ (p) + Π
ab Hf
µν ξ (p)
= ξr
(1− 2 + 1)g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l˜
Γ(ǫl˜ + ǫ)
(−p2)ǫ(˜l+1)
(
−2
4
gµνp
2 +
2
4
pµpν
)
C2(G)δ
ab
= 0 (59)
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from (38), (46), and (52). For l˜ ≥ 2, the multiplicities of diagrams Gm and Hm are 2 and 2, respectively.
In the total contribution from diagrams Gm and Hm, when l˜ ≥ 2, the gauge dependent parts cancel each
other, as follows
2Πab Gmµν ξ (p) + 2Π
ab Hm
µν ξ (p)
= ξr
(2− 2)g2r
16π2Γ(ǫ)
(
−4
3
NfT (R)g
2
r I
)l˜
Γ(ǫl˜) Γ(ǫl˜ + ǫ)
(−p2)ǫ(˜l+1)
(
−6
8
gµνp
2 +
6
8
pµpν
)
C2(G)δ
ab
= 0 (60)
from (51) and (53).
3.2 Renormalization of subdiagram divergences
We discuss the renormalization to the subdiagram divergences. The divergent parts in diagrams are each
one-fermion loop, the fermion self-energy part in D, the fermion-boson vertex part in E, the three-boson
vertex part in Gf and Hf , and the boson-fermion-fermion vertex part in Gm and Hm. Hereafter we
consider the minimal subtraction scheme.
For the divergence from one-fermion loop diagram, the counter term is given by
Πab Aµν c.t.(p) = −
4
3
1
(4π)2
Nfg
2
rΓ(ǫ)
(−gµνp2 + pµpν)Tr(T aT b) (61)
from (14). Then the gauge boson propagator (25) with many one-fermion loops is replaced by renormal-
ized one, as follows
Dab [l]µν ren(p) =
(
−4
3
NfT (R)g
2
r I
)l [
1
(−p2)ǫ − 1
]l
1
(−p2)
[
−gµν + (1− ξrδ0l)pµpν
p2
]
δab
=
(
−4
3
NfT (R)g
2
r I
)l l∑
n=0
l!
n!(l − n)!
(−1)l−n
(−p2)1+ǫn
[
−gµν + (1− ξrδ0l)pµpν
p2
]
δab, (62)
where n is the number of one-fermion loops in the gauge boson propagator, and l − n is the number of
counter terms in the gauge boson propagator for the divergences from one-fermion loops.
To the divergences of fermion self-energy part (29) and vertex correction part (34), the counter terms
are given by
Jc.t.(k) = ξr
g2r
16π2
Γ (ǫ) 6kT cT dδcd (63)
and
Λaµ c.t. = −ξr
2g3r
16π2
Γ(ǫ)γµT
dT aT cδcd, (64)
respectively. Then (30), (35), and (56) are replaced by
Πab Dµν ren(p) = ξr
g2r
8π2
(
−4
3
NfT (R)g
2
r I
)[
Γ(2ǫ− 1)
(−p2)2ǫ −
Γ(ǫ− 1)
(−p2)ǫ
] (
gµνp
2 − pµpν
)
Tr
(
T aT bT cT d
)
δcd, (65)
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Πab Eµν ren(p) = −ξr
2g2r
8π2
(
−4
3
NfT (R)g
2
r I
)[
Γ(2ǫ− 1)
(−p2)2ǫ −
Γ(ǫ− 1)
(−p2)ǫ
] (
gµνp
2 − pµpν
)
Tr
(
T dT aT cT b
)
δcd, (66)
and
2Πab Dµν ξ ren(p) + Π
ab E
µν ξ ren(p)
= ξr
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)[
Γ(2ǫ− 1)
(−p2)2ǫ −
Γ(ǫ− 1)
(−p2)ǫ
] (
gµνp
2 − pµpν
)
C2(G)δ
ab
≈ ξr g
2
r I
2
(
−4
3
NfT (R)g
2
r I
)(
gµνp
2 − pµpν
)
C2(G)δ
ab, (67)
respectively.
We take into account the counter terms for the divergence from many one-fermion loops in the
diagrams F, G, and H. Then (38) is replaced by
Πab Fµν ren(p) =
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l˜ l˜∑
n˜=0
l˜!
n˜!(l˜ − n˜)!
Γ (ǫn˜+ ǫ)
(−1)˜l−n˜
(−p2)ǫ(n˜+1)
×
[
25
12
gµνp
2 − 7
3
pµpν − 1
4
ξr(δ0l + δ0l′)
(
gµνp
2 − pµpν
)]
C2(G)δ
ab (68)
with l˜ = l + l′ and n˜ = n + n′, where n and n′ are numbers of one fermion loops in each gauge boson
propagator, and l−n and l′−n′ are numbers of counter terms for the divergence from one-fermion loops
in each gauge boson propagator. To the divergence from three boson vertex part (45), the counter term
is given by
F add
′
µαα′ c.t.(q, p) = −igrfadd
′
(
−4
3
NfT (R)g
2
r I
)
[gµα(p+ q)α′ + gµα′(q − 2p)α + gαα′(p− 2q)µ] . (69)
Then we replace (46) and (51) by
Πab Gfµν ren(p) =
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l˜ l˜−1∑
n˜=0
(l˜ − 1)!
n˜!(l˜ − n˜− 1)!
[
1
(−p2)ǫΓ(ǫn˜+ 2ǫ)− Γ(ǫn˜+ ǫ)
]
× (−1)˜
l−n˜
(−p2)ǫ(n˜+1)
[
25
12
gµνp
2 − 7
3
pµpν − 1
4
ξr(δ0l + δ0l′)
(
gµνp
2 − pµpν
)]
C2(G)δ
ab (70)
and
Πab Gmµν ren(p) =
g2r
16π2
(
−4
3
NfT (R)g
2
r I
)l˜ l˜−1∑
n˜=0
(l˜ − 1)!
n˜!(l˜ − n˜− 1)!
Γ(ǫn˜+ ǫ)
[
1
(−p2)ǫn˜
Γ(ǫn˜+ 2ǫ)
Γ(ǫ)
− 1
]
× (−1)˜
l−n˜
(−p2)ǫ
[
−3
4
− 3
8
ξr(δ0l + δ0l′)
] (
gµνp
2 − pµpν
)
C2(G)δ
ab, (71)
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respectively, where l˜ = l + l′ + 1 and n˜ = n+ n′. In the similar manner, (52) and (53) are replaced by
Πab Hfµν ren(p) = −Πab Gfµν ren(p) (72)
Πab Hmµν ren(p) = −Πab Gmµν ren(p) (73)
with l˜ = l + l′ + 2 and n˜ = n+ n′.
The total contribution (55) is replaced by
2l˜Πab Gmµν 0 ren(p) + 2(l˜ − 1)Πab Hmµν 0 ren(p)
≈
[
2l˜− 2(l˜ − 1)
] g2r
16π2ǫ
(
−4
3
NfT (R)g
2
r I
)l˜ l˜−1∑
n˜=0
(l˜ − 1)!
n˜!(l˜ − n˜− 1)!
1
(n˜+ 1)
(
1
n˜+ 2
− 1
)
(−1)˜l−n˜
×
(
−3
4
gµνp
2 +
3
4
pµpν
)
C2(G)δ
ab
=
3
2
g2r I
l˜(l˜ + 1)
(
4
3
NfT (R)g
2
r I
)l˜ (
gµνp
2 − pµpν
)
C2(G)δ
ab (74)
from (71) and (73). The total contribution (58) is replaced by
2Πab Dµν ξ ren(p) + Π
ab E
µν ξ ren(p) + Π
ab F
µν ξ ren(p) + 2Π
ab Gf
µν ξ ren(p) + 2Π
ab Gm
µν ξ ren(p)
≈ ξr g
2
r I
2
(
4
3
NfT (R)g
2
r I
)(
gµνp
2 − pµpν
)
C2(G)δ
ab (75)
from (67), (68), (70), and (71).
Hence we obtain the total contribution from all diagrams in Fig.1, as follows
Πabµν div =
[
−4
3
g2r INfT (R) +
2
3
ξr(g
2
r I)
2NfT (R)C2(G) +
(
13
6
− 1
2
ξr
)
g2r IC2(G)
]
(gµνp
2 − pµpν)δab
+
∞∑
l˜=1
2
l˜(l˜ + 1)
(
4
3
)l˜−1
(g2r I )˜
l+1 [NfT (R)]˜
l (gµνp
2 − pµpν)C2(G)δab (76)
from (74) and (75). Then the renormalization constant Z3 is given by
Z3 = 1− 4
3
g2r INfT (R) +
∞∑
l˜=1
2
l˜(l˜ + 1)
(
4
3
)l˜−1
(g2r I )˜
l+1 [NfT (R)]˜
l C2(G)
+
2
3
ξr(g
2
r I)
2NfT (R)C2(G) + g
2
r I
(
13
6
− 1
2
ξr
)
C2(G). (77)
Therefore we obtain the renormalization constant Z3 to non-abelian gauge field at the leading and the
next-to-leading order in N−1f , as follows
Z3 = 1− 4
3
g2r INfT (R) +
11
3
g2r IC2(G)−
1
2
ξrg
2
r IC2(G)
[
1− 4
3
g2r INfT (R)
]
14
+
3
2
g2r IC2(G)
[
4
2g2r INfT (R)
− 1
]
loge
[
1− 4
3
g2r INfT (R)
]
(78)
with I ≈ 1/(16π2ǫ). In (78), the third, foruth, and fifth terms arise from the next-to-leading contribution
in the 1/Nf expansion.
4 SOLVING THE COMPOSITENESS CONDITION
We have discussed so far the renormalization constant Z3 in the general non-abelian gauge field theory
(7) at the next-to-leading order in 1/Nf . The information of composite gauge field theory (1) can be
obtained from the gauge field theory with Z3 = 0. Now we use the compositeness condition on (78) and
solve it for gr. The equation (20) shows that
g2r =
3
4NfT (R)I
+O
(
1
N2f
)
. (79)
Substituting (79) to the equation Z3 = 0 with (78), we see that the logarithmic term and the gauge depen-
dent term in (78) are the order of 1/N2f , and then these terms are negligible in the present approximation.
Hence Z3 = 0 reduces to the simple equation
1− 4
3
g2r INfT (R) +
11
3
g2r IC2(G) = 0. (80)
Therefore we obtain
g2r =
3
[4NfT (R)− 11C2(G)] I (81)
at the next-to-leading order in 1/Nf expansion. In (81), if the following relation holds,
Nf >
11C2(G)
4T (R)
, (82)
g2r has positive value, and then the gauge boson may be a composite of the matter fermion and its anti-
particle. In the general non-abelian gauge field theory, the marginal value for asymptotic freedom is given
by NfT (R) = 11C2(G)/4. Hence we find that the gauge boson can be composite when the fermion-flavors
number Nf satisfy the condition (82), in which the gauge field theory is not asymptotically free. Therefore
we find that the allowed region of Nf in (82) for the gauge boson compositeness is complementary to the
asymptotic freedom in the gauge field theory.
When these results are applied to SU(2)L of the Glashow-Weinberg-Salam (GWS) theory with twelve
flavors Nf = 12 (three families of leptons and three families with three colors of quarks) and SU(2) colors
(C2(G) = Nc = 2) of their matter fermions, (82) holds, and then the weak bosons can be a composite of
the matter fermion and its anti-particle. If we apply the model to the quantum chromodynamics (QCD)
with six flavors Nf = 6 (three families of quarks) and SU(3) colors (C2(G) = Nc = 3) of quarks, then
the gluons can not be a composite of the quark and its anti-particle, because (82) does not hold. In
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an application of the model to hadron physics, we can discuss the compositeness of light mesons. From
(82), the ρ meson does not become composite gauge boson within this model, because the flavors number
is Nf = 2 (one family of light quark) though the SU(3) colors is given by C2(G) = Nc = 3. In an
application of the model to the system with matter fermions which belong to the adjoint representation
of SU(Nc) color gauge group, the gauge bosons can be a composite of the fermion and its anti-particle
when the fermion-flavors number satisfies Nf ≥ 3 from (82). In this case, the allowed region of Nf does
not depend on the colors number Nc.
In the abelian gauge theory, the gauge boson can be always a composite of the matter fermions,
because the next-to-leading order contribution suppressed in the theory as shown in the previous paper
[12]. If we apply the results to quantum electrodynamics, the photon may be always a composite of U(1)
charged matter fermion and its anti-particle.
In 1/Nf expansion, the flavors numberNf need to has the large value in order to obtain the appropriate
approximation. In this model, when (82) holds, the coupling constant (81) is rewritten as
g2r =
3
4NfT (R)I
[
1 +
11C2(G)
4NfT (R)
]
, (83)
in which the second term in bracket gives the next-to-leading contribution. For the appropriate approxi-
mation, the next-to-leading contribution in (83) need to becomes the small. For example, we apply (83)
to the system with matter fermions (Nf = 12) which belong to the adjoint representation of SU(2) color
gauge group. Then the second term in bracket of (83) give the following value,
11C2(G)
4NfT (R)
=
11
4Nf
≈ 0.23, (84)
in which the next-to-leading contribution is sufficiently small. In this system, let us estimate the order
of coupling constant of composite gauge field theory from (83). If we fix the scales as Λ = 104 GeV and
mr = 10
−3 GeV, then (83) give
αr =
g2r
4π
≈ 0.03, (85)
in which the order of αr is equal to the order of SU(2) weak coupling constant in the GWS theory.
5 CONCLUSIONS
In order to investigate the composite gauge field, we have considered the compositeness condition in the
general non-abelian gauge theory with fermionic matter fields. The gauge field theory with compositeness
condition Z3 = 0 is equivalent to the composite gauge field theory where Z3 is the wave function renormal-
ization constant of the gauge field. At the leading order in 1/Nf expansion, the gauge coupling constant gr
is proportional to
√
ǫ/Nf where Nf is the number of matter-fermion flavors and ǫ is related to the cutoff
scale Λ. In the general non-abelian gauge field theory, we have calculated the renormalization constant
Z3 at the next-to-leading order in 1/Nf expansion. Through the compositeness condition (Z3 = 0), we
obtain the coupling constant in composite gauge field theory as gr ∝ 1/
√
4NfT (R)− 11C2(G). Then we
have found that the gauge boson can be a composite of the matter fermion and its anti-particle when Nf
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satisfies the relation Nf > 11C2(G)/4T (R) because gr has to be real, in which the non-abelian gauge field
theory is not asymptotically free. Therefore we find the complementarity that the allowed region of Nf
for the gauge boson compositeness is complementary to the asymptotic freedom in the non-abelian gauge
field theory. We have applied these results to the weak bosons in GWS theory and the gluons in QCD,
and the gauge bosons in the system with matter fermions which belong to the adjoint representation of
SU(Nc) color gauge group. Then the weak bosons can be a composite of the quarks and the leptons,
but the gluons can not be a composite of the quarks. The gauge bosons can be a composite of fermions
which belong to the adjoint representation of SU(Nc) color gauge group if the fermion-flavors number
satisfies Nf ≥ 3. To the application of compositeness condition in abelian gauge theory, the photon in
quantum electrodynamics may be always a composite of the U(1) charged matter fermions, because the
next-to-leading order contribution suppressed within the abelian gauge theory as shown in the previous
paper [12]. We have seen that when the relation Nf > 11C2(G)/4T (R) holds, the 1/Nf expansion gives
the appropriate approximation. Then we can estimate the order of coupling constant of composite gauge
field theory.
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Figure 1: The gauge boson self-energy parts at the leading order (A) and at the next-to-leading order
(B-H) in 1/Nf . The solid, wavy, and dotted lines indicate the fermion, gauge boson, and Fadeev-Popov
ghost propagators, respectively. The disk stands for insertion of an arbitrary number of one-fermion-loops
into the gauge boson propagator. p indicates the momentum of boson in the external line. q and k are
momenta in the internal line. a and b are color indices.
Figure 2: The separated overlapping divergence. Gf , Hf : the part where the divergence occurs at the
fermion loop subdiagram in the three boson vertex part. Gm, Hm: the part where the divergence occurs
at the boson-fermion (mixed) loop subdiagram in the boson-fermion vertex part.
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